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We consider the thermal conductivity, shear viscosity, and momentum relaxation rates in the
nucleon cores of the neutron stars. We study how the choice of the nuclear interaction and the model
for three-body forces may affect these transport coefficients calculated within the Brueckner-Hartree-
Fock many-body nuclear theory. We find that at relatively large densities the model dependence
of the results is substantial. In addition we provide the analytical approximations which allow to
incorporate our results in practical simulations.
I. INTRODUCTION
Studies of matter at and beyond the nuclear density
(n0 ≈ 0.16 fm−3) attract constant interest as a way to
test fundamental physical theories such as theories of
strong interactions. One of a few ways to study matter at
supranuclear densities comes from the neutron star astro-
physics. Neutron stars (NSs), having masses of the order
of the Solar mass M and radii of the order of tens of
kilometers, are largely composed of the superdense mat-
ter in their liquid cores, although the exact composition
and equation of state (EOS) of this matter are unknown
[1]. In particular, the properties of the superdense matter
inside NS cores affect the flow of various non-equilibrium
processes that have observational consequences. Con-
fronting the results of modeling of such processes with
the astrophysical observations potentially allows one to
infer the underlying physical properties deep in NS in-
teriors. The important microphysical input to such a
modelling are the transport properties of the NS matter.
Transport properties of NS interiors were studied in-
tensively in the last decades, see Ref. [2] for a review.
Most of the results were obtained for a simplest nucleon
composition of NS cores, where the matter constituents
are neutrons (n), protons (p), electrons (e), and muons
(µ). The matter inside NSs is thought to be at, or close
to the equilibrium with respect to the weak reactions, the
so-called beta-stable matter. In this case the proton (and
lepton) fraction xp is small, xp . 0.2−0.3 [1]. Depending
on the transport problem considered, the largest contri-
bution to transport coefficients comes form neutrons or
leptons, with the protons giving the least important con-
tribution. The first detailed studies of the diffusive trans-
port coefficients of NS cores were performed by Flowers
and Itoh [3]. Their consideration of nucleon transport
coefficients was based on the free-space scattering cross-
sections. However, since nucleons inside NS cores form
∗ pshternin@gmail.com
dense non-ideal strongly interacting Fermi liquid, the ap-
propriate nuclear many-body theory needs to be incor-
porated. The approaches to this problem included the
in-medium perturbation theory based on the Brueckner
G-matrix [4–7] or thermodynamical T -matrix [8], varia-
tional approach within the correlated basis function for-
malism [4, 9, 10], and the medium-modified one-pion ex-
change model [11, 12] in the framework of Landau-Migdal
Fermi-liquid theory [13], see Ref. [2] for the more detailed
review.
In the present study we continue our previous work [6]
and investigate the the transport coefficients of the NS
cores within the Brueckner-Hartree-Fock (BHF) frame-
work. We limit ourselves to the simplest npeµ composi-
tion of the NS cores and focus on the nucleon contribution
to the transport. For the up-to-date results on the lep-
ton contribution, see Refs. [2, 14–17]. Previously [6] we
obtained the nucleon thermal conductivity κ and shear
viscosity η within this model in the beta-stable matter of
NS core for one particular nuclear interaction, namely the
Argonne v18 potential supplemented with the Urbana IX
three-body force. Here we explore the dependence of our
results on the choice of the nuclear potential following
Ref. [18] where similar analysis was performed for the nu-
cleon effective masses. In addition, we also consider the
momentum relaxation rate in the neutron-proton colli-
sions, an important transport coefficient in studies of the
magnetic field evolution in NS cores [2, 19–21].
Preliminary results of the present studies were reported
in Ref. [7]. We find, that the dependence of the transport
coefficients on the model of the potential can be substan-
tial at high baryon densities. The main difference seems
to come from the model for three-body forces. While at
low densities, nB ∼ n0, all calculations agree, at higher
densities values of thermal conductivity, shear viscosity,
and momentum relaxation rate can differ by an order of
magnitude depending on the selected NN interaction.
The paper is organized as follows. In Section II we
outline the formalism used to calculate the kinetic coeffi-
cients and introduce the effective mean free paths of the
transport theory. In Section III we shortly review the
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2BHF approach and we present our results in Section IV.
In Section IV A we analyse the dependence of the effective
mean free paths on the selection of the nuclear potential.
In Section IV B we discuss the simplifications that can
be used in calculation of the shear viscosity and thermal
conductivity. In Section IV C we try to isolate main par-
tial waves of the nucleon interaction that are responsible
for the difference in the results. Finally in Section IV D
we provide the practical expressions for calculating the
transport coefficients in our model. We conclude in Sec-
tion V.
In what follows, we set ~ = kB = c = 1, except for the
practical expressions in Section IV D. Effects of nucleon
pairing are outside the scope of the present paper and
are not included.
II. FORMALISM
The calculation of the transport coefficients in NS cores
is based on the transport theory of multi-component
Fermi liquids [3, 22, 23]. We consider here the thermal
conductivity coefficient κc, shear viscosity coefficient ηc,
and momentum relaxation rate Jci, where indices c and
i numerate particle species. It is customary to express
these transport coefficients through the effective mean
free paths of the quasiparticles as
κc =
pi2
3
T
nc
pFc
λκc , (1)
ηc =
1
5
ncpFcλ
η
c , (2)
Jci = ncpFc
(
λDci
)−1
, (3)
where T is a temperature, nc is a number density of
the particle species c, pFc = (3pi
2nc)
1/3 is the corre-
sponding Fermi momentum. In Equations (1)–(2), the
quantities λκc and λ
η
c are effective mean free paths of
the particle species c for the thermal conductivity and
shear viscosity problems, respectively, while λDci intro-
duced in Equation (3) is an effective mean free path
for the momentum relaxation in the collisions between
particle species c and i. Momentum relaxation rates
(3) describe friction between the mixture components.
They are related to the traditional diffusion coefficients
as Dci = ncµc(∂ logµc/∂ log nc)J
−1
ci . The effective mean
free paths in Equations (1)–(3), in general, are not the
same and need to be determined from microscopic cal-
culations for the corresponding transport problem. Fre-
quently, one expresses the transport coefficients through
the effective relaxation times τc instead of λc [2]. The
relation between these quantities is simply λc = vFcτc,
where vFc is the Fermi velocity of the particle species c.
In order to find effective mean free paths in the de-
generate matter of NS cores it is enough to employ the
simplest variational solution of the transport equation,
which reduces to a solution of a system of linear equa-
tions, see Ref. [2] for details. This system reads
1 =
∑
i
(niσciλc + niσ
′
ciλi) , (4)
where the summation is carried over all components with
which the given species c collide, including i = c; σci and
σ′ci are the transport cross-sections for these collisions to
be defined below, and we omitted for a moment the up-
per indices at λ’s for brevity. The primed cross-sections
σ′ci describe the mutual influence of the non-equilibrium
distributions of the different particle species. It is in-
structive to introduce a partial mean free path for the
collisions between the particle species c and i
λci ≡ (niσci + δciniσ′ci)−1 , (5)
where δci is the Kroenecker delta-symbol. The smaller
the partial mean free path is, the more important is the
corresponding scattering channel. We also define here
the primed partial mean free paths that correspond to
the non-diagonal terms in the system (4):
λ′ci ≡ (niσ′ci)−1 . (6)
In principle, all possible pair collisions in the mixture
should be included in Equation (4). However, it turns
out (e.g., [2, 3]) that in the npeµ NS cores, the system of
equations (4) decouples in two subsystems, one of which
corresponds to the nuclear sector and other to the elec-
tromagnetic one. These sectors can be considered sep-
arately. Moreover, only the neutrons as most abundant
particles, dominate the nuclear contribution to the trans-
port coefficients. We will discuss this statement in more
details in Section IV B. In the present study we focus on
the nucleon sector. We closely follow Refs. [6, 7] and omit
the details.
In order to find the transport cross-sections that ap-
pear in Equation (4), one needs to multiply the quasi-
particle collision probabilities with certain angular fac-
tors depending on the transport problem in question and
average the results over the allowed phasespace, see, e.g.,
Ref. [6]. The collision probability depends on the in-
coming pair particle state |ci〉, and the final sate of the
particles after the collisions 〈c′i′|. Since the particles are
degenerate, only the excitations close to the Fermi surface
contribute to the transport. Therefore, the magnitudes
of all four particle momenta participating in the collision
(pc, pi, pc′ , pi′) are fixed to the respective Fermi mo-
menta. Taking into account the conservation of the total
momentum P ≡ pc + pi = pc′ + pi′ , only two angular
variables determine the relative position of the scattering
quasiparticle momenta in space. For the nuclear scatter-
ing, it is convenient to use the absolute value of the total
momentum, P , and the value of the transferred momen-
tum, q, where q = pc′ − pc = pi − pi′ . The latter is
connected to the center of mass (c.m.) scattering angle
θc.m. as
cos θc.m. = 1− q
2
2p2
, (7)
3where p is the absolute value of the colliding pair rel-
ative momentum p ≡ (pi − pc)/2. Since all quasi-
particles are placed on the Fermi surface, the relation
4p2 + P 2 = 2(pFc + pFi) holds. Notice, that sometimes
the other set of variables (e.g. the traditional Abikosov-
Khalatnikov angles [22]) can be more convenient depend-
ing on the investigated problem. For instance, for the
electromagnetic collisions it is more convenient to use
the angle between (pcpc′) and (pipi′) planes instead of
P (see, e.g., Ref. [17]).
Let 〈c′i′|Gˆ|ci〉 be the scattering transition matrix ele-
ment, where Gˆ is the scattering operator. We define
Qci(P, q) = 1
4(1 + δci)
∑
spins
|〈c′i′|Gˆ|ci〉|2, (8)
where the summation is carried over the initial and final
spin states. The factor (1 + δci)
−1 is included to avoid
double counting of the same collision events in the final
expressions1. We also introduce the phase-space angular
brackets for an arbitrary quantity A(P, q) as
〈A(P, q)〉 =
pFc+pFi∫
|pFc−pFi|
dP
qm(P )∫
0
dq
A(P, q)√
q2m − q2
, (9)
where qm(P ) is the maximal possible transferred momen-
tum for a given value of P . It can be expressed as [24]
q2m(P ) =
4p2Fcp
2
Fi − (p2Fc + p2Fi − P 2)2
P 2
. (10)
Using the definitions (8)–(9), the transport cross-
sections for the thermal conductivity problem can be
written as [7]
σκci =
3m∗2c m
∗2
i T
2
10p4Fcp
3
Fi
〈Qci(4p2Fc + q2)〉 , (11)
σ′ci
κ
=
3m∗2c m
∗2
i T
2
10p3Fcp
4
Fi
〈Qci (2p2Fc + 2p2Fi − 2P 2 − q2)〉 ,
(12)
where m∗c,i are the particle effective masses at the Fermi
surface, so that vFc = pFc/m
∗
c . Similar expressions for
the shear viscosity problem, albeit different angular fac-
tors, read
σηci =
3m∗2c m
∗2
i T
2
8p6Fcp
3
Fi
〈Qciq2(4p2Fc − q2)〉 , (13)
σ′ci
η
=
3m∗2c m
∗2
i T
2
8p5Fcp
4
Fi
〈Qciq2 (2p2Fc + 2p2Fi − 2P 2 − q2)〉 .
(14)
The effective mean free path for the momentum relax-
ation rate (3) can also be expressed via the corresponding
transport cross-section
(
λDcini
)−1
= σDci =
m∗2c m
∗2
i T
2
2p4Fcp
3
Fi
〈Qciq2〉 . (15)
Notice that Equations (3) and (15) imply that the mo-
mentum relaxation rates are symmetric, Jci = Jic. If
the forward scattering, q → 0, dominates, the standard
result of the Fermi-liquid transport theory σηci = 3σ
D
ci
holds. In the traditional Fermi-liquids, the squared tran-
sition amplitude (8) does not depend on the energy trans-
ferred in the collisions. In this case the transport cross-
sections in Equations (11)–(15) obey the standard ∝ T 2
temperature dependence. As a consequence, the effective
mean free paths are inversely proportional to the temper-
ature squared. This is the case for the nucleon collisions
which are the main focus of the present study. For the
long-range electromagnetic collisions in relativistic mat-
ter, this is no longer the case (see. e.g., Ref. [2] for the
review).
Thus, to calculate the nucleon transport cross-sections
one needs the squared matrix elements Qci and the ef-
fective masses m∗c,i which should be provided by the nu-
clear many-body theory. Nuclear potentials and hence
the scattering amplitudes are conveniently given in a par-
tial wave basis for the interacting pair states in the c.m.
frame, |P, p; J`SM〉, where S is the pair total spin, ` is
the pair orbital momentum, J is its total angular momen-
tum, and M is the total angular momentum projection.
Then the quantity Qci can be expanded in the series in
Legendre polynomials PL (cos θcm):
Qci(q, P ) = 1
1 + δci
∑
L
Q(L)ci (P )PL (cos θcm) , (16)
where the coefficients of expansion are related to the ma-
trix elements of the transition amplitude in the partial
wave basis as [6]
Q(L)ci (P ) =
1
16pi2
∑
i`
′−`+¯`−¯`′Π``′Π ¯``¯ ′Π2JJ¯C
L′0
`′0¯`′0C
L0
`0¯`0
{
¯` S J¯
J L `
}{
¯`′ S J¯
J L `′
}
× (1 + δci(−1)S+`) (1 + δci(−1)S+¯`)GJS``′ (P, p, p)(GJ¯S¯``¯ ′ (P, p, p))∗ . (17)
1 Notice, that this differs from the definition in Refs. [6, 24], where this factor is included at the later stage
4Here CL0
`0¯`0
is the Clebsch-Gordan coefficient, terms in
curly brackets are 6j-symbols of the quantum angu-
lar momentum theory [25], Πab ≡
√
(2a+ 1)(2b+ 1),
GJS``′ (P, p, p; z) is the matrix element of the operator Gˆ. In
Equation (17), the total angular momentum J , total nu-
cleon pair spin S, and total momentum P are conserved,
and summation is carried over all angular momenta and
spin variables, except L. The collision type index, nn,
np, or pp, of the G-matrix is omitted for brevity. Terms
in brackets containing δci account for the contribution of
exchange terms in case when the collisions between the
same species are considered. Using the expansion (16),
the integration over q in Equations (11)–(15) can be per-
formed analytically (see Appendix A in Ref. [6]), and
only a single integration over P remains that needs to be
performed numerically.
III. BRUECKNER-HARTREE-FOCK
APPROACH
The nuclear many-body theory used in this study is
the non-relativistic Brueckner-Hartree-Fock (BHF) the-
ory [26]. In choice of this model we closely follow
Refs. [6, 7, 18]. In this approach, the in-medium scat-
tering matrix, or G-matrix, is found from the solution of
the Bethe-Goldstone equation
Gα[nB ; z] = V
α +
∑
ka,kb
V α
|kakb〉Qα〈kakb|
z − ea(ka)− eb(kb)G
α[nB ; z],
(18)
where the index α ≡ ab = nn, np, or pp, specifies the
scattering species, V α is the bare nucleon-nucleon inter-
action, z is the starting energy, Qα is the Pauli operator.
Single-particle energy of the species a, ea(k), in Equa-
tion (18) is
ea(ka) =
k2a
2mN
+ Re
∑
b, kb≤pFb
〈kakb|Gα[nB ; ea(ka) + eb(kb)]|kakb〉A,
(19)
where subscript A means antisymmetrization of the
wavefunction. Since the single-particle energy depends
on the G-matrix, Bethe-Goldstone equation needs to be
solved self-consistently in the iterative manner. In Equa-
tions (18)–(19) the so-called continuous choice of the
single-particle potential is adopted [26]. The total bind-
ing energy per nucleon is then
B
A
=
1
2nB
∑
ab
∑
ka≤pFa
kb≤pFb
〈kakb|Gα[nB ; ea(ka) + eb(kb)]|kakb〉A ,
(20)
To get the total energy the free kinetic energy part has
to be added. In the partial wave basis, the expression for
the binding energy reads
B
A
=
1
4pi2nB
∑
α, `JS
(2J + 1)
∫
d cos θ
∫ pFa
0
k2adka∫ pFb
0
k2bdkb G
α,JS
`` (P, p, p; ea(ka) + eb(kb)), (21)
where P = 2−1|ka + kb|, p = |ka − kb| and θ is the
angle between ka and kb. The summation over α here
includes α = nn, np, pn, and pp. We do not show ex-
plicitly the isospin index T in Equation (21). It is fixed
by the condition ` + S + T being odd. For the nn and
pp scattering only T = 1 channels contribute to the sum
in Equation (21), while T = 0, 1 contribute to the np
G-matrix.
We solved the Bethe-Goldstone equation in the partial-
wave basis up to total momentum J = 12 on a grid of the
total baryon number densities spanning from nB = 0.05
to 0.6 fm−3 and proton fractions from xp = 0 to 0.5.
Here we analyze the same nucleon-nucleon (NN) in-
teraction potentials as in our previous studies [7, 18].
Namely, we use two realistic two-body potentials: the Ar-
gonne v18 (Av18 for short) potential [27] and the charge-
dependent Bonn (CD-Bonn for short) potential [28]. It
is well-known that the non-relativistic two-body interac-
tions fail to reproduce the saturation point of the sym-
metric nuclear matter. To this end it is necessary to in-
troduce three-body nuclear forces (tbf). Here, as in the
Ref. [18], we include three-body forces in as an effective
two-body interaction. This effective two-body interac-
tion is obtained from the three-body one by averaging
over the third particle, see Refs. [29, 30] for details.
We investigate two models for the tbf. The first one is
the phenomenological Urbana IX (UIX for short) model
[31]. This model contains adjustable parameters that
were tuned to approach the correct saturation point with
the Av18 or CDBonn two-body potentials. The second
tbf model in our study is the microscopic three-body force
(TBFmic for short) model based on the meson-nucleon
theory of the nucleon interaction [32, 33]. The TBFmic
model investigated here is based on the same meson-
nucleon coupling parameters as the Av18 potential, so we
use only it in combination with this two-body potential,
see Ref. [18] for more details. In total, we show below the
results for five different NN interactions: Av18, CDBonn,
Av18+UIX, CDBonn+UIX, and Av18+TBFmic.
The G-matrices calculated from the solution of Equa-
tion (18) are taken on-shell and on the Fermi surface
(so that the starting energy omitted in Equation (17) is
z = ec(pFc) + ei(pFi)) and are substituted into Equa-
tions (16)–(17). The effective masses in the Bruecker-
Hartree-Fock approach for the potentials studied here
were obtained in Ref. [18] that provided the convenient
analytical approximations for these quantities. Having
Qci and m
∗
c,i in hand, we can calculate the effective mean
free paths and transport coefficients of nucleons in NS
cores.
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Figure 1. Effective inverse mean free paths for the thermal conductivity problem as functions of density for the proton fraction
xp = 0.15. The coefficients that couples to λ
κ
n in Equation (4) are shown in the panel (a), while coefficients which couple to
λκp in Equation (4) are shown in the right panel. Different symbols correspond to different nuclear potentials as detailed in
the legend in the left panel. Solid, dashed, and dotted lines show partial contributions from the collisions between the species
of same kind, different kinds, and the primed terms, respectively. With the dash-dotted lines in the panel (b) we show the
effective inverse mean free paths for the electromagnetic collisions of protons (with e, µ, and p) for three values of temperature,
as indicated in the plot. The temperatures are (from the dash-dotted line top to the bottom one) T = 107, 108, and 109 K.
IV. RESULTS AND DISCUSSION
A. Effective mean free paths
In Figure 1 we plot the partial inverse effective mean
free paths (Equation (5)) for the thermal conductivity
problem for neutrons (Figure 1a) and protons (Figure 1b)
as a function of baryon density nB for a fixed value of
the proton fraction xp = 0.15. As detailed in Section II,
the partial mean free paths mediated by NN interac-
tions scale as T−2, so we plot combinations (λκ)−1 T−28 ,
where T8 ≡ T/(108 K) Solid, dashed, and dotted lines
correspond to (λκnn)
−1
,
(
λκnp
)−1
, and
∣∣λ′κpn∣∣−1 in the
left panel, respectively, and to
(
λκpp
)−1
,
(
λκpn
)−1
, and∣∣λ′κnp∣∣−1, respectively, in the right panel. Notice that
we plot
∣∣λ′κpn∣∣−1 in the left, neutron, panel, while in the
right, proton, panel we show
∣∣λ′κnp∣∣−1. This is because
these primed quantities couple with the neutron or pro-
ton effective mean free paths, respectively, in the system
of equations (4). Different symbols correspond to differ-
ent potentials considered in this paper, as indicated in
the legends. The prominent discontinuities in
(
λ′κpn
)−1
and
(
λ′κnp
)−1
at nB ∼ 0.45 fm−3 for the Av18+TBFmic
interaction (dotted lines with open triangles) are mani-
festations of the change of sign of these quantities around
this density. Notice, that these non-diagonal elements of
the scattering matrix in Equation (4) can have any sign.
In the conditions of Figure 1 these coefficients are nega-
tive except for Av18+TBFmic case at nB & 0.45 fm−3.
In Figure 1b we also plot with dash-dotted lines the par-
tial inverse mean free path for protons
(
λκ,emp
)−1
due to
the electromagnetic interaction with all charged particles,
leptons (electrons and muons) and also the protons them-
selves.2 The mean free paths mediated by electromag-
netic interactions are calculated following Ref. [14, 15]
and obey non-Fermi liquid temperature dependence due
to dynamical character of the plasma screening in the
relativistic degenerate plasma [2, 34, 35]. Therefore,(
λκ,emp
)−1
is given for three temperatures, T = 107, 108,
and 109 K. In the leading order, λκ,emp ∝ T−1 instead
of the standard Fermi-liquid dependence. Notice, that
λκ,emp depends on the proton effective mass and hence
on the NN interaction. In order to not overcrowd the
plot even more, in Figure 1
(
λκ,emp
)−1
is shown for the
Av18+UIX NN interaction only.
The total effective mean free path is limited by the
most frequent collisions. In Figure 1 this corresponds
to largest partial inverse mean free paths. Despite dif-
ferences between the potentials used, one can conclude
2 In the latter case we neglect for simplicity the interference term
between the strong and electromagnetic parts of the proton-
proton interaction.
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Figure 2. Effective inverse mean free paths for the shear viscosity problem as functions of density for the proton fraction
xp = 0.15. Curves and notations are the same as in Fig. 1.
that at lower densities, nB . 0.3 fm−3, the neutron-
proton scattering (dashed lines in Figure 1a) dominates
the neutron mean free path for the thermal conductiv-
ity problem. The reason for this originates in a larger
np cross-section due to inclusion of the T = 0 isospin
channel and smaller characteristic c.m. energy for the
np scattering in comparison to the nn one [3, 6, 24].
The similar situation is observed for protons (Fig-
ure 1b), where the np contribution is always larger than
the pp one among the strong interaction scattering chan-
nels. The strong interaction part of the proton-proton
scattering contributes less to the total proton friction in
comparison to how the neutron-neutron scattering con-
tributes to the neutron mean free path because of the
small proton fraction. In the case of protons, however,
the electromagnetic interaction can play an important
role, especially at low temperatures, see Figure 1b.
The dependence on the choice of the NN potential
in Figure 1 is clearly seen [7]. At low densities, nB .
0.2 fm−3, inverse mean free paths calculated for differ-
ent NN interactions are close, however at higher nB , the
results can diverge by an order of magnitude. The most
prominent difference results from the selection of three-
body forces.
We plot similar inverse effective mean free paths for
shear viscosity in Figure 2. The design of this figure is
the same as in Figure 1. As for the case of thermal con-
ductivity, prominent divergence of the curves represent-
ing the results for different potentials can be observed at
high nB . In general, the behavior of (λ
η)
−1
is similar
to (λκ)
−1
. The qualitative difference is in the electro-
magnetic sector. Comparing Figures 2b and 1b one can
notice, that for the shear viscosity problem electromag-
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Figure 3. Effective inverse mean free path for the neutron-
proton scattering in the momentum relaxation problem as
function of density for the proton fraction xp = 0.15. Different
symbols correspond to different NN potentials as detailed in
the legend.
netic part of the proton interaction (dashed-dotted lines)
does not contribute to the total mean free path for the
protons, while for the thermal conductivity, this interac-
tion channel can be dominant. Notice that λη,emp scales
as T−5/3 (cf. λκ,emp ∝ T−1) [2].
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In the momentum relaxation problem, only the colli-
sions between unlike particle species contribute to the re-
spective relaxation process. In Figure 3, we plot the effec-
tive inverse mean free path
(
λDnp
)−1
for neutron-proton
collisions which sets the momentum relaxation rate and
the ambipolar diffusion timescale in the NS cores [21, 36].
In Figures 4–6 we show the effective inverse mean free
paths as functions of xp for a baryon density nB =
0.35 fm−3. Actually these values at large xp & 0.3 are not
relevant in practice, since the matter inside the neutron
stars is highly asymmetric. Figures 4–6 show that the
dependence of the neutron-neutron mean free paths on
the proton fraction is modest even at large xp, while the
neutron-proton scattering show considerable xp depen-
dence. This is especially clear in Figure 6 which shows(
λDnp
)−1
.
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Figure 6. Effective inverse mean free path for the neutron-
proton scattering in the momentum relaxation problem as
function of the proton fraction for the baryon density nB =
0.35 fm−3. Curves and notations are the same as in Figure 3.
B. Approximation to the exact solution
Having calculated the various partial contributions to
inverse mean free paths we are now in position to cal-
culate the transport coefficients in NS cores, i.e. ther-
mal conductivity κ, shear viscosity η, and the momentum
transfer rate Jnp.
The calculation of the latter is straightforward from
the Equation (3). In order to calculate the former two,
one needs to solve the linear system of equations (4).
For the npeµ case considered here this is, in general, 4×4
system (or 3×3 system if muons are absent). The elec-
tromagnetic and nucleon sectors are coupled via protons
which participate both in strong and electromagnetic in-
teractions3. However, it turns out, that in practice the
protons can be treated as the passive scatterers both for
neutrons and for leptons [3]. As a result, the lepton and
neutron transport problems can be considered separately.
This is a consequence of a low proton fraction in the beta-
stable matter of neutron star cores.
Let us illustrate this point by considering the specific
example of the Av18+UIX results at nB − 0.35 fm−3,
xp = 0.15 and T = 10
8 K. Let us write the linear system
in Equation (4) as Λλ = 1, where λ is a vector of mean
free paths, 1 is right hand side vector with all components
equal to 1 and Λ is the corresponding inverse mean free
paths matrix. We can write Λ = ΛN ⊕Λem, where ΛN is
3 Small `n collisions due to neutron magnetic moment can be ne-
glected [3, 16]
the 2×2 (n and p) nuclear matrix which corresponds to
collisions mediated by strong forces and Λem is the 3×3
(e, µ, p; or 2×2 if the muons are absent) ‘electromag-
netic’ matrix which corresponds to collisions mediated
by electromagnetic forces. For the thermal conductivity
problem, these matrices read
ΛκN =
 n p1.67 −0.18
−0.57 4.2
× 106 cm−1, (22)
Λκem =
 e µ p2.35 0.009 0.040.013 2.35 0.05
0.033 0.028 2.56
× 106 cm−1. (23)
The non-diagonal matrix elements in Λκem are much
smaller than the diagonal ones, so they can be ignored.
This means that the proton mean free path does not af-
fect the equations for the lepton mean free paths (and
vice versa). The proton-proton scattering due to nuclear
forces is comparable with the proton-scattering due to
electromagnetic forces (see Figures 1b and 4b) at the
selected temperature. At larger (smaller) temperatures
the nuclear (electromagnetic) interactions will be limit-
ing proton mean free path. In any case, λp is smaller, and
at T . 10∗ K significantly smaller, then one calculated
from the inversion of the ΛκN matrix alone. Moreover∣∣λ′κnp∣∣−1 λκp is always small, as Figures 1b and 4b show.
Thus the protons have a little effect on the equation for
λn. In contrast, especially at low densities,
∣∣λ′κpn∣∣−1 λκn
can be large, see Figures 1a and 4a, and λκp can be
strongly affected by the non-diagonal neutron term. No-
tice, that when important, this term
∣∣λ′κpn∣∣−1 λκn is found
to be negative, which lead to further suppression of λκp .
The solution of the full system (4) with matrices (22)–
(23) is compared in Table I with the simplified solution
where protons are taken as passive scatterers. Since pro-
ton fraction is small, and their mean free path is also
small, protons always give a small contribution. We also
show in Table I values of κc for different particle species
and the total thermal conductivity κ. In the case shown
in Table I neglecting proton contribution and selecting
the simplified solution lead to error of only 10%.
For the shear viscosity problem, electromagnetic in-
teraction do not affect the proton mean free path at any
temperature, see Figures 2b and 5b. Indeed, the matrices
ΛηN and Λ
η
em read
ΛηN =
 n p0.77 −0.03
−0.3 1.9
× 106 cm−1, (24)
Ληem =
 e µ p2.5 0.05 0.30.11 3.7 0.47
0.15 0.12 5.45
× 103 cm−1. (25)
9Table I. Mean free paths for different particles for thermal
conductivity and shear viscosity problems calculated from the
full solution of Equation (4) or the simplified solution (protons
act only as scatterers), see text for details. The numbers are
calculated for nB = 0.35 fm
−3, xp = 0.15 and Av18+UIX nu-
clear potential. Thermal conductivity (κ) and shear viscosity
(η) coefficients are also given.
n p e µ tot
full solution
λκ (10−6 cm) 0.62 0.20 0.42 0.42
κ (1022 erg cm−1 s−1 K−1) 5.32 0.53 0.83 0.58 7.26
λη (10−6 cm) 1.33 0.69 394 256
η (1019 g cm−1 s−1) 0.17 0.009 2.71 0.88 3.77
simplified solution
λκ (10−6 cm) 0.60 − 0.42 0.42
κ (1022 erg cm−1 s−1 g−1) 5.14 − 0.84 0.59 6.56
λη (10−6 cm) 1.30 − 394 256
η (1019 g cm−1 s−1) 0.17 − 2.71 0.88 3.76
Notice a different normalization in Equation (24). Proton
mean free path due to nuclear scattering is much smaller
than corresponding lepton mean free paths, therefore
protons can be treated as passive scatterers only when
the lepton shear viscosity is calculated. The difference of
temperature scaling for ληem and λ
η
N is modest, therefore
this conclusion holds at any temperatures. According
to Equation (24) and Figures 2b and 5b,
∣∣λ′ηnp∣∣−1 ληp is
always very small, so that the proton influence on the
neutron mean free path calculation is negligible. The so-
lution of the full system of equations in comparison to
the simplified solution is also shown in Table I. The rel-
ative proton contribution to the shear viscosity is much
smaller than the relative proton contribution to the ther-
mal conductivity since ηp in Equation 2 is proportional
to x
4/3
p , while κp in Equation (1) is proportional to x
2/3
p .
Therefore it is always an excellent approximation to ne-
glect the proton contribution to the shear viscosity.
The system of equations (4) corresponds to the sim-
plest variational approximation to the full system of ki-
netic equations. In principle, for Fermi systems it is
possible to construct exact solutions of these transport
equations in form of the rapidly converging series [e.g.,
3, 22, 23]. The closed expressions are obtained for the
Fermi-liquid limit where the transition rates are energy-
independent. Since the electromagnetic rates are energy-
dependent due to the dynamical character of the plasma
screening in the dominant interaction channel, it is not
straightforward to obtain the exact solution for the full
4×4 problem. However, the decoupling of the variational
solutions discussed above allows on the same grounds to
decouple the lepton and neutron sectors in the exact sys-
tem of transport equations. In the lepton sector it turns
out that the variational solution is a very good approx-
imation to the exact solution [14, 15]. For the neutron
transport coefficients, the calculations show that the cor-
rection to the shear viscosity coefficient do not exceed 5%
and can be always neglected [6, 7, 15], while for the ther-
mal conductivity this correction can be accounted for by
including a factor Cκ = 1.2 in Equation (1) valid for all
practical situations.
To summarize, in order to calculate thermal conduc-
tivity and shear viscosity coefficients from Eqs. (1)–(2)
in beta-stable matter of NS cores, one need to solve 2×2
system (4) for eµ problem, however including the `p scat-
tering channel. For nucleon sector it is enough to consider
only neutrons scattering off neutrons and protons. The
system of equations (4) then reduces to only one equation
for λn (different for κ and η problems).
C. Partial wave analysis
The results of the Section IV A showed considerable
differences in mean free paths for different nuclear po-
tentials. It is instructive to try to understand this differ-
ence by considering different partial wave contributions.
Generally speaking, it is not easy to isolate contribu-
tions of specific partial waves, since the expression (17)
couples the matrix elements from the different partial
waves. Still, it turns out that the dominant contribution
comes from the isotropic (L = 0) part of the scattering
probability in Equation (17), with L > 0 terms giving
less than 20% contribution to the final transport cross-
sections. This greatly simplifies an analysis. Indeed, the
L = 0 term in Equation (17) is
Q(0)ci =
1
16pi2
∑
JS``′
(2J + 1)
(
1 + δci(−1)S+`
)2 ∣∣GJS``′ ∣∣2 ,
(26)
being just a weighted sum of squared transition ampli-
tudes for all available transitions between the partial
wave states. The integration over q in Equations (11)–
(15) is now trivial. Save for the normalization factor,
Q
(0)
ci in Equation (16) is a total scattering cross-section
on the Fermi surface (see, e.g., the discussion in Ref. [6]).
Thus, in this approximation, transport coefficients are
determined by the total cross-section averaged over to-
tal momentum P with certain weighting factor (see Ap-
pendix B in Ref. [6] for more details). There are several
differences in how the G-matrix elements enter the ex-
pression for scattering versus how they contribute to the
binding energy, Equation (21). First of all, in the expres-
sion for energy Equation (21), only the diagonalG-matrix
elements are involved, while the non-diagonal ` 6= `′ el-
ements from the coupled partial waves also equally con-
tribute to the final result. Importantly, in Equation (26)
all partial wave amplitudes add in squares, so both the
repulsive and attractive components increase the total
scattering cross-section, while they can compensate each
over when combined in the total energy. Finally, the
transport scattering occurs at the Fermi surface, while
the whole Fermi sea of nucleons contributes to the total
binding energy. In particular, this leads to appearance of
the effective masses (that represent densities of states on
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Figure 7. Binding energy per nucleon as function of the
baryon density nB for fixed proton fraction xp = 0.15. The
results are shown for Av18 potential at two-body level and for
two three-body interaction models as indicated in the legend.
the Fermi surface [22]) in the expressions for the trans-
port cross-sections in Equations (11)–(15).
Figures 1–6 show that when the two-body potential
is changed from Av18 to CDBonn one, the difference in
mean free path calculations is relatively small. This is
reasonable, since both these potentials are from the fam-
ily of so-called ‘realistic’ potentials designed to reproduce
the wealth of the experimental data. On the other hand,
different three-body forces lead to considerably different
results. Therefore in the rest of this subsection we ex-
plore the effects of the three-body forces using only the
Av18 potential on the two-body level for brevity. In addi-
tions we discuss only nn and np partial mean free paths
as practically relevant ones following the arguments in
Section IV B.
First, in Figure 7 we show the total binding energy per
nucleon, B/A, as a function of density for the same pro-
ton fraction xp = 0.15 as in Figures 1–3 and three NN
potentials, Av18, Av18+UIX, and Av18+TBFmic. The
microscopic three-body force (TBFmic) is more repulsive
than the UIX three-body force and its effect on the total
binding energy is more prominent. However, the situa-
tion is different for scattering, as Figures 1–6 show. Gen-
erally, UIX tbf (open circles in Figures 1–6) has larger
effect on scattering than the TBFmic one (open triangles
in Figures 1–6).
Equations (11)–(15) show that the many-body effects
enter the expressions for scattering through the squared
scattering matrix elements Qci and through the effective
masses m∗c,i. The neutron-neutron and neutron-proton
transport cross-sections contain different effective mass
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Figure 8. The factors M˜40 (solid lines) and M˜22 (dashed lines)
defined in Equation (27) as a function of nB for the proton
fraction xp = 0.15. Different symbols correspond to different
NN potentials as shown in the legend.
prefactors which can be commonly written as
M˜kl = m
∗k
n m
∗l
n . (27)
These are the same factors as introduced for the neutrino
emission processes in Ref. [18]. Specifically, the neutron-
neutron transport cross-sections contain M˜40 prefactor,
similarly to the neutron-neutron bremsstrahlung [18],
while the neutron-proton transport cross-sections, like
the neutron-proton bremsstrahlung rate, contain the M˜22
prefactor [18]. It is not clear how to isolate the contri-
bution of different partial waves to the nucleon effective
masses. Therefore we only consider the overall M˜kl ef-
fect. For the Av18+UIX potential the effective masses
are larger than for Av18 or Av18+TBFmic potentials
[18] contributing partly to the differences in the results
shown in Figures 1–6. In Figure 8 we plot the factor
M˜40 appropriate for the neutron-neutron scattering with
solid lines. These results show that the effective masses
are responsible for about 0.2dex difference between the
Av18+TBFmic and Av18+UIX results and 0.5dex be-
tween Av18 and Av18+UIX results. Similar results are
found for the factor M˜22 appropriate for the neutron-
proton scattering. These factors are shown for three dif-
ferent NN interactions in Figure 8 with dashed lines. At
large densities, effective masses are responsible for a fac-
tor of 3 difference between the Av18+UIX results and
Av18 results for np scattering, and for a factor of 2 dif-
ference between Av18+UIX results and Av18+TBFmic
results.
Effective masses are only partially responsible for the
differences between the results obtained for different NN
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Figure 9. Relative contributions of different partial wave
channels to the L = 0 part of the nn scattering inverse mean
free path
(
λ˜κnn
)−1
0
for the thermal conductivity problem de-
fined in Equation (28) as a function of nB for xp = 0.15. Re-
sults for the Av18+UIX potential are shown. Solid, dashed,
and dash-dotted lines correspond to the 3P1,
3P2, and
1S0
channels, respectively. Dotted line shows the cumulative con-
tribution from all other channels.
interactions. Another part of the difference comes from
the scattering matrix elements. Below we discuss this
second contribution for neutron-neutron and neutron-
proton scattering, taking the effective mass prefactors
M˜kl out.
Consider first the neutron-neutron scattering. We will
show the specific results for the thermal conductivity
problem only. The results for the shear viscosity prob-
lem are similar. As follows from Equations (5), (11), (12),
and (16), the contribution from the isotropic part of the
transport cross-section, Q
(0)
nn , to the inverse nn mean free
path is(
λ˜κnn
)−1
0
≡
(
λκnnM˜40
)−1
0
=
T 2
10pi2p4Fn
〈
Q(0)nn(4p2Fn − P 2)
〉
,
(28)
where M˜40 factor gets rid of the effective masses and the
subscript index 0 indicates that only L = 0 contribution
is included. Our analysis shows that the dominant con-
tributions to this quantity comes from three partial wave
channels, namely 3P1,
3P2, and
1S0. Figure 9 shows the
relative contributions of these partial wave channels to(
λ˜κnn
)−1
0
as function of nB for xp = 0.15. For concrete-
ness, the Figure 9 is plotted for the Av18+UIX potential.
For other potentials one observes qualitatively similar sit-
uation, although the proportion between different chan-
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Figure 10. Partial contributions of different partial wave chan-
nels to the L = 0 part of the nn scattering inverse mean
free path
(
λ˜κnn
)−1
0
for the thermal conductivity problem as a
function of nB for xp = 0.15. Effective mass prefactor is not
included, see Equation (28). Solid, dashed, and dash-dotted
lines correspond to the 3P1,
3P2, and
1S0 channels, respec-
tively. Dotted line is the total contribution to L = 0 part,
including the partial waves not shown in the figure. Different
symbols correspond to different potentials.
nels can vary. Still, these three channels are dominant
for any NN potential analyzed in this paper. The domi-
nant channel is the 3P1 one, which relative contribution
is shown with the solid line in Figure 9. At very small
densities, the 1S0 channel dominates (dash-dotted line
in Figure 9), but its contribution at intermediate densi-
ties decreases, and the 3P2 channel (dashed line) is more
important. The 1S0 channel, which matrix element in-
creases considerably at small p, is additionally suppressed
by the angular weighting factor 4p2Fn−P 2 = 4p2 in Equa-
tion (28). Al large densities, the 1S0 channel for the UIX
tbf becomes important again. At the two-body level,
both 1S0 and
3P2 contributions are actually less impor-
tant at high density. The rest of the contribution to(
λ˜κnn
)−1
0
comes from other partial waves as shown with
the dotted line in Figure 9. Their individual contribu-
tions are small and can not be resolved. In total, they
are of the same order of magnitude as the contribution
form the higher, L > 0, mutlipole moments in Equa-
tions (16)–(17).
In Figure 10 we compare the contributions to
(
λ˜κnn
)−1
0
from three dominant partial waves in absolute values for
the Av18 (filled circles), Av18+UIX (open circles), and
Av18+TBFmic (open triangles) NN potentials. In ad-
12
0.1 0.2 0.3 0.4 0.5 0.6
nB [fm 3]
0.0
0.2
0.4
0.6
0.8
1.0
fra
ct
io
n
Av18+UIX
xp = 0.15
D,  np
3S1
3D2
3S1 3D1
3P1
other
Figure 11. Relative contributions of different partial wave
channels to the L = 0 part of the np scattering inverse mean
free path
(
λ˜Dnn
)−1
0
for the momentum relaxation problem de-
fined in Equation (29) as a function of nB for xp = 0.15. Re-
sults for the Av18+UIX potential are shown. Solid, dashed,
dash-dotted, and dash-double dotted lines correspond to the
3S1,
3D2,
3S1 − 3D1, and 3P1 channels, respectively. Dotted
line shows the cumulative contribution from all other chan-
nels.
dition, with dotted lines we plot the total inverse mean
free path
(
λ˜κnn
)−1
0
. As before, the results are plotted for
xp = 0.15. The UIX tbf contains more repulsion in the
3P1 channel (solid lines) than the microscopic three-body
force, which translates to somewhat larger values for the
inverse mean free path in this channel for the Av18+UIX
case. Additionally, TBFmic is much less attractive in the
3P2 channel than UIX tbf, so the absolute value of the
contribution is larger for UIX force and it gives larger
contribution to scattering. In general, the UIX tbf has
larger (in magnitude) contributions both in the repulsive
and attractive low-angular momenta interaction chan-
nels. When sum up to the total energy, the positive and
negative contributions partially cancel and the TBFmic
force have larger binding energy (Figure 7). However in
scattering the squared absolute values of the partial wave
matrix elements are important and the Av18+UIX po-
tential results in largest scattering cross-sections among
the NN interactions considered here.
The analysis of the neutron-proton scattering is less
transparent. Here we chose the momentum relaxation
problem as an example on np scattering, Equation (15).
The analysis of the neutron-proton scattering for the
thermal conductivity or shear viscosity shows the same
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Figure 12. Partial contributions of different partial wave chan-
nels to the L = 0 part of the np scattering inverse mean free
path
(
λ˜Dnp
)−1
0
for the thermal conductivity problem as a func-
tion of nB for xp = 0.15. Solid, dashed, and dash-dotted lines
correspond to the 3P1,
3P2, and
1S0 channels, respectively.
Different symbols correspond to different potentials.
results.4 In analogy with Equation (28), using Equa-
tions (15) and (16) we define(
λ˜Dnp
)−1
0
≡
(
λDnpM˜22
)−1
0
=
T 2
6pi2p4Fn
〈
Q(0)np q2
〉
. (29)
The dominant contribution to
(
λ˜Dnp
)−1
0
at low densities
is the s-wave 3S1 channel. However at larger densities
many channels give comparable contributions and it is
hard to isolate a single or a few dominant terms. Never-
theless, in Figure 11 we show, in analogy to Figure 9, the
relative contributions of a few partial waves to
(
λ˜Dnp
)−1
0
.
The next important contribution after 3S1 channel comes
from the non-diagonal term `′ = ` + 2 in Equation (26)
representing the 3S1− 3D1 coupling. The fractional con-
tribution of this channel is shown with dash-dotted line
in Figure 11. Remember that the non-diagonal terms
do not contribute to the total energy. Also important
contribution at high density comes from the 3D2 chan-
nel (dashed line in Figure 11) and, less significantly, 3P1
channel (double-dot-dashed line in Figure 11) that was
dominant in the nn scattering. We do not separate the
4 The difference is in the angular factors in Equations (11), (13),
and (15) which does not change qualitatively the relative contri-
butions from different partial waves
13
rest of the partial waves, and show their total contribu-
tion by dotted line in Figure 11). At high densities it is
as much as about 30%, however individual contributions
are less than 5% thus it is not relevant to discuss them
separately. Among them, the next channels in order of
importance are 1P1 and
3D2, although this is density-
and potential-dependent.
In Figure 12 we plot four main partial wave contri-
butions to
(
λ˜Dnp
)−1
0
. One can see that the main con-
tribution, which results in stronger scattering by the
Av18+UIX potential in comparison to Av18+TBFmic
potential at large nB , comes from the
3D2 partial wave
(dashed lines). The scattering of the microscopic three-
body force in this channel (dashed line with open trian-
gles) is much smaller than both the Av18+UIX (dashed
line with open circles) and bare two-body Av18 result
(dashed line with filled circles). For instance, the 3S1 −
3D1 contributions for Av18+UIX and Av18+TBFmic is
similar. We can conclude that the main difference be-
tween the UIX and TBFmic results for np scattering
prominent at high densities in Figures 1–6 is partially
due to difference in scattering in 3D2 channels and par-
tially due to larger effective masses for the UIX tbf in
comparison to the microscopic tbf [18].
D. Practical expressions
According to the results of the previous subsection, the
mean free paths in the nucleon sector depend consider-
ably on the selected nuclear potential. Ideally, to perform
the consistent study, the transport coefficients should be
calculated based on the same microscopic model as the
EOS. In practice this is rarely possible. On the other
hand, the variations in the results of the microscopic
calculations show that it is not possible to obtain the
universal expression for the transport coefficients equally
applicable for any nucleon EOS of the NS core.
Here we suggest a tradeoff approach between the con-
sistency and universality. That is, we will use mean free
paths obtained in the previous sections as a functions of
nB and xp and use them for any EOS in question. As an
example, we employ the popular BSk21 EOS based on
the Brussels-Skyrme nucleon interaction functional [37].
Its significant advantage in practice is its fully analytical
prameterization. We consider the beta-stable matter in
BSk21 NS core. The proton fraction as a function of nB
is of course different than that one obtains for the beta-
stable matter with each of the five EOSs based on the
microscopic models considered here [18].
We illustrate this approach in the next few Figures. In
Figure 13 we show partial contribution of different parti-
cle species in npeµ NS cores to the total thermal conduc-
tivity. The temperature-independent (in Fermi-liquid)
combination κT8 is shown. Three panels correspond to
three temperatures T = 107 K (left), T = 107 K (mid-
dle), and T = 109 K (right). The nucleon mean free
paths here are calculated in the Av18+UIX model; tak-
ing the different potentials changes the picture quantita-
tively, but not qualitatively. Solid lines show the partial
contributions from neutrons (n), protons (p), electrons
(e), and muons (µ), as labelled near the corresponding
curves. These values are calculated from the solution of
the full 4×4 system of variational equations (4). The
curves marked ‘tot’ in each panel show the total contri-
bution. The dashed lines barely seen in the plots corre-
spond to the simplified approximation discussed in the
Section IV B. Here eµ and n sectors are decoupled and
protons are treated as passive scatterers. We see that
this approximation is very good as expected. The elec-
tromagnetic scattering does not obey the Fermi-liquid be-
havior due to the long range of the interaction, therefore
corresponding κ`T8 combinations are not temperature-
independent. In the leading order, κ` is independent of
T [e.g., 2, 14, 35]. Except for the highest temperatures
( T = 109 K, Figure 13c), the neutron contribution is
always dominant over the lepton one and the proton con-
tribution can be always neglected.
Similar results for the shear viscosity are plotted in
Figure 14. Here the combination ηT 28 is shown which
is temperature-independent in Fermi liquids. Again, in
the electromagnetic sector the temperature dependence
modifies, η` ∝ T−5/3 in the leading order, so the curves
e and µ are different in the three panels of Figure 14. As
opposite to the thermal conductivity case (Figure 13),
leptons dominate the shear viscosity. Only at the lowest
densities and temperatures the neutrons give some con-
tribution (Figure 14a). The decoupled solution is shown
with the dashed lines which are unresolved in the figure.
Therefore this approximation for shear viscosity is even
better than for the thermal conductivity. This is espe-
cially so since the leptons dominate and the study of the
nucleon shear viscosity is more of the academic interest.
According to previous discussion, among the various
partial contributions to mean free paths, in practice one
only needs λnn and λnp. We fitted these quantities by
analytical expressions valid in the range nB < 0.6 fm
−3
and xp < 0.5. The fits has a form
λ T 28
10−6 cm
= xζp
nB
n0
3∑
k=0
2∑
m=0
akm
(
nB
n0
)k
xmp , (30)
where ζ = 0 for λκnn and λ
η
nn, ζ = −1/3 for λκnp, and
ζ = −1 for ληnp and λDnp. The polynomial coefficients
akm for five potentials considered in this paper are given
in the Table II in Appendix. Expression (30) allows one
to calculate the effective partial mean free paths for any
EOS. The similar fits for the effective masses are pro-
vided in Ref. [18]. The total neutron mean free path is
calculated from the partial mean free paths as
λn =
[
λ−1nn + λ
−1
np
]−1
. (31)
The neutron thermal conductivity κn is then calcu-
lated using Equation (1). We also recommend to multi-
ply Equation (1) by a factor Cκ = 1.2 to correct for the
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Figure 13. Partial contributions to the thermal conductivity (variational solution) for the beta-stable NS core with the BSk21
equation of state and three values of temperature, T = 107 K (a), 108 K (b), and 109 K (c). Particle species are labeled near
the curves, the uppermost curves ‘tot’ show the total thermal conductivity. Nucleon mean free paths are calculated according
to the Av18+UIX model. Dashed lines corresponding to the ’tot’ and ’n’ curves correspond to the approximate treatment of
κn, see text for details.
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Figure 14. Partial contributions to the shear viscosity (variational solution) for the beta-stable NS core with the BSk21 equation
of state and three values of temperature, T = 107 K (a), 108 K (b), and 109 K (c). The curves are the same as in Figure 13.
However the dashed curves are too close to the solid ones and can not be resolved.
exact solution. The practical expression for the neutron
thermal conductivity reads
κn = 6.8×1022 T8
(
nn
n0
)2/3
λκn
10−6 cm
erg s−1 cm−1 K−1.
(32)
Thermal conductivity for the BSk21 EOS calculated ac-
cording to Equation (32) is shown Figure 15 for all po-
tentials considered in the paper (different symbols, as
indicated in the plot legend). As expected, at low den-
sities nB . 0.3 fm−3 the results for various potentials
are quite close. However, at larger densities the curves
diverge. With dash-dotted lines we show the lepton con-
tribution to the thermal conductivity for three values of
temperature as indicated at the curves. As already antic-
ipated, at T < 108 K the neutron contribution dominates
for any microscopic model considered.
The neutron shear viscosity in natural units can be
written as
ηn = 5.7× 1017
(
nn
n0
)4/3
ληn
10−6 cm
g s−1 cm−1. (33)
We show the shear viscosity calculated from Equa-
tion (33) in Figure 16. The curves and notations are
the same as in Figure 15. The difference between the dif-
ferent potential models is prominent, although somewhat
smaller than in the case of thermal conductivity. Despite
the large model uncertainty, ηn seems to be negligible in
comparison to ηeµ in all cases of practical interest.
Finally, the similar practical expression for Jnp (Equa-
tion (3)) in natural units reads
Jnp = 2.8× 1030
(
nn
n0
)4/3
10−6 cm
λDnp
g s−1 cm−3. (34)
In Figure 17, we show the results for the neutron-proton
momentum transfer rates. Let us stress that this is an
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Figure 15. Thermal conductivity for BSK21 EOS. Lines with
symbols show interpolated results for κn according to prac-
tical expressions for different interaction potentials (as indi-
cated in the legend). Dash-dotted lines show κeµ calculated
for three values of temperature, whose logarithms are indi-
cated near the curves.
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Figure 16. Shear viscosity for BSK21 EOS. Lines with sym-
bols show interpolated results for ηn according to practical
expressions for different interaction potentials (as indicated in
the legend). Dash-dotted lines show ηeµ calculated for three
values of temperature, whose logarithms are indicated near
the curves.
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Figure 17. Neutron-proton momentum transfer rate for
BSK21 EOS. Lines with symbols show interpolated results
for Jnp according to practical expressions for different inter-
action potentials (as indicated in the legend).
important quantity for the magnetic field evolution mod-
elling, since in high magnetic fields it sets the so-called
ambipolar diffusion timescale tambB ∼ JnpR2/B2, where
R is the typical scale of the magnetic field. According
to Figure 17, at large densities the ambipolar diffusion
timescale can vary by an order of magnitude depend-
ing on the microscopic model used. We do not compare
here Jpn with other (electromagnetic) momentum trans-
fer rates for simplicity. Their expressions which include
correct plasma screening can be found elsewhere [16].
More detailed discussion can be also found in Ref. [38].
V. CONCLUSIONS
We have analyzed the dependence of the transport co-
efficients in nucleon cores of the neutron stars on the
selection of the nucleon interaction potential. We em-
ployed the non-relativistic Brueckner-Hartree-Fock ap-
proach as our microscopic theory. Our results continue
the previous studies in Ref. [6] where only the Av18 and
Av18+UIX NN interactions were considered. We pro-
vide (Section IV D) the practical expressions which allow
the transport coefficients calculation for any EOS of the
nucleon matter, although these expressions are not fully
consistent since one needs to rely on the specific NN in-
teraction, which can be different from the one on which
the EOS is based. Our general conclusions are as follows
• The nucleon contribution to transport coefficients,
namely thermal conductivity, shear viscosity, and
momentum relaxation rate, strongly depends on
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the nucleon interaction potential. At small den-
sities, the difference is modest since all models are
restricted by the direct and indirect experimental
data. At large densities, nB ∼ 0.6 fm−3, the differ-
ence between the models considered in this paper
can reach an order of magnitude.
• The inclusion of the three-body forces in Urbana
IX model leads to significant increase in the scat-
tering cross-sections, and, as a result, in decrease in
the mean free paths for the quasiparticles and the
transport coefficients. The effect of the microscopic
three-body force is less prominent.
• The changes in the effective masses on the Fermi
surface are equally important compared with the
changes in the scattering matrix elements in expla-
nation of the obtained difference between the re-
sults of calculations for different potentials. There-
fore both effects need to be included in practice [6].
• The main contribution to the nn scattering comes
from the 3P1 partial wave channel, and to lesser ex-
tent from the 3P2 and
1S0 channels. The difference
in the latter channels between the potentials con-
sidered in the paper explains most of the observed
difference in final results. In case of the np scat-
tering, many channels equally contribute, however
at high densities 3D2 and the coupled
3S1 − 3D1
partial wave channels are the most important ones.
• Despite the differences in the microscopic model,
the general conclusion is that the neutron (nucleon)
contribution to the thermal conductivity κ domi-
nates at T & 108 K, while the lepton contribution
to shear viscosity η is always dominant. Notice that
this conclusion survives also in the case when the
proton pairing is taken into account [17].
In our study we did not consider the effects of nu-
cleon superfluidity/superconductivity. It is widely ac-
cepted that nucleon and protons in a large part of the
NS core can be in the paired states, whose critical transi-
tion temperatures are uncertain [39–41]. Microscopically,
the effects of the nucleon pairing on the calculation of
transport coefficients are twofold. First, the quasiparti-
cle spectrum becomes gapped which suppresses the col-
lision probabilities. This effect can be incorporated by
inclusion of the certain reduction factors [15, 24]. Sec-
ond, the transport equation needs to be written for the
Bogoluibov quasiparticles, so that the scattering matrix
element which defines the collision integral also modifies
(for instance it needs to include the processes related to
the nonconservation of such particles), see, e.g., [42]. To
the best of our knowledge, the modification of the NN
scattering matrix elements by pairing has not been con-
sidered in NS context. Notice that the hydrodynamics
equations in the superfluid/superconducting liquid also
change and the multifluid picture needs to be invoked.
The systematic study of the effects of nuclear pairing on
the transport coefficients deserves a separate study.
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Appendix: Parameters of the mean free path fit
Here we give the coefficients akm in the fitting expression Equation (30) for the effective mean free paths. Table II
contains coefficients for calculating λαnN , where α = κ, η, or D and N = n, p. In all cases, the mean squared relative
error of the fit is less than 5% and the maximal relative fit error does not exceed 15%.
Table II. Parameters of the approximation Equation (30)
N a00 a01 a02 a10 a11 a12 a20 a21 a22 a30 a31 a32
Av18
κ n 0.64 -1.03 0.126 0.454 2.21 -2.96 -0.207 -0.665 1.65 0.0279 0.0612 -0.225
p 0.0588 -0.0474 -0.19 0.0387 0.266 -0.14 0.112 0.219 -0.809 -0.015 -0.0738 0.192
η n 2.03 -3.23 -0.582 -0.198 7.31 -4.09 -0.048 -3.11 2.87 0.0189 0.401 -0.454
p 0.0467 -0.114 -0.072 -0.0184 0.823 -0.718 0.139 0.00265 -0.467 -0.0231 -0.0483 0.164
D p 0.139 -0.547 0.332 -0.0585 2.48 -3.51 0.435 -0.855 -0.0522 -0.0761 0.0566 0.18
Av18+UIX
κ n 0.889 -0.892 -1.28 -0.00131 3.34 0.208 -0.128 -1.7 0.198 0.0223 0.236 -0.0414
p -0.00912 0.112 -0.614 0.275 0.152 0.276 -0.116 0.124 -0.551 0.0127 -0.0369 0.124
η n 2.44 0.256 -6.84 -1.28 3.09 7.54 0.286 -1.87 -2.76 -0.0229 0.275 0.333
p -0.0216 0.0438 -0.6 0.225 0.772 -0.0735 -0.0924 -0.217 -0.267 0.00989 0.00768 0.0833
D p -0.0192 -0.577 0.454 0.593 2.73 -4.84 -0.233 -1.07 1.7 0.0227 0.116 -0.142
Av18 +TBFmic
κ n 0.648 -1.66 0.112 0.752 5.3 -4.47 -0.373 -2.53 2.87 0.0446 0.328 -0.428
p 0.091 -1.04 1.38 -0.0549 2.94 -4.47 0.244 -1.41 1.72 -0.0544 0.192 -0.184
η n 2.31 -2.84 -3.73 -0.417 9.2 1.28 -0.0164 -4.62 0.428 0.0123 0.611 -0.0884
p 0.038 -0.439 0.46 0.00716 2.1 -2.83 0.157 -0.671 0.7 -0.0376 0.0481 -0.00242
D p 0.104 -1.3 1.8 0.0604 5.33 -9.15 0.455 -2.35 2.87 -0.111 0.283 -0.189
CDBonn
κ n 0.639 -1.33 0.743 0.371 2.71 -4.26 -0.193 -0.812 2.12 0.0262 0.0781 -0.271
p 0.01862 0.2252 -0.8008 0.1324 -0.3621 1.142 0.04245 0.2705 -0.9206 -0.005907 -0.05064 0.1553
η n 2.0 -4.51 1.87 -0.201 9.63 -9.67 -0.0631 -3.99 5.43 0.0164 0.516 -0.782
p 0.01781 0.1886 -0.8278 0.06001 -4.601·10−4 1.054 0.07307 0.2056 -0.9559 -0.01139 -0.05232 0.1836
D p 0.1381 -0.5184 0.03195 0.003832 1.741 -1.962 0.319 -0.8182 0.07881 -0.05162 0.09196 0.05515
CDBonn+UIX
κ n 1.24 0.0805 -3.82 -0.473 1.91 3.33 0.0356 -0.999 -1.1 0.00373 0.132 0.134
p -0.0216 -0.333 0.364 0.376 0.324 -0.548 -0.197 0.172 -0.314 0.027 -0.0582 0.11
η n 2.89 3.06 -9.13 -1.82 -0.539 9.66 0.446 -0.264 -3.56 -0.0393 0.0545 0.44
p -0.0431 -0.517 0.611 0.33 1.17 -1.34 -0.168 -0.285 0.172 0.023 0.00523 0.0383
D p -0.147 -1.06 1.86 0.997 2.03 -4.94 -0.497 -0.375 1.26 0.0668 -0.019 -0.0294
